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Abstract. In this paper we first consider the Hamiltonian action of a 
compact connected Lie group on an H-twisted generalized complex man- 
ifold M. Given such an action, we define generalized equivariant coho- 
mology and generalized equivariant Dolbeault cohomology. If the gen- 
eralized complex manifold M satisfies the 99-lemma, we prove that they 
are both canonically isomorphic to (Sg*)'' ®Hh(M), where (Sg*)*^ is the 
space of invariant polynomials over the Lie algebra g of G, and Hh (M] is 
the H-twisted cohomology of M. Furthermore, we establish an equivari- 
ant version of the 9 9 -lemma, namely 9 g 9 -lemma, which is a direct gener- 
alization of the dc 6-Iemma |LS03| for Hamiltonian symplectic manifolds 
with the Hard Lefschetz property. 

Second we consider the torus action on a compact generalized Kahler 
manifold which preserves the generalized Kahler structure and which 
is equivariantly formal. We prove a generalization of a result of Carrell 
and Lieberman |CL73 | in generalized Kahler geometry. We then use it 
to compute the generalized Hodge numbers for non-trivial examples of 
generalized Kahler structures on CP" and CP*^ blown up at a fixed point. 



1. Introduction 

Generalized complex geometry, as introduced by Hitchin IIH02| and fur- 
ther developed by Gualtieri IIGua03L provides a unifying framework for 
both symplectic and complex geometry. It is no surprise that many facts 
in complex geometry have their counterparts in generalized complex ge- 
ometry. For instance, it is well known that a complex structure induces a 
(p, q) -decomposition for differential forms and a splitting d = 9 + 9. Analo- 
gously, Gualtieri |Gua03ll proved the presence of an H-twisted generalized 
complex structure on a manifold determines an alternative grading of dif- 
ferential forms and a similar splitting dn = 9 + 9, where H is a closed 
three form and du = d — HA is the twisted exterior derivative. (For the 
twisted case, see also the appendix of l|KL04| .) Therefore it makes perfect 
sense to define the generalized Dolbeault cohomology and the 99-lemma 
for H-twisted generalized complex manifolds. Namely, a twisted general- 
ized complex manifold is said to satisfy the 99-lemma if 

ker9 n im9 = im9 n ker9 = im99. 
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Indeed, the 9 9 -lemma in generalized geometry has been studied exten- 
sively by Cavalcanti in his thesis |^il05J. It is interesting to study it for 
many reasons. When a generalized complex structure is induced by a sym- 
plectic structure, the 9 9 -lemma is equivalent to the Hard Lefschetz prop- 
erty, as established by Merkulov [Mer98J and Guillemin IIGuOlll : whereas 
when a generalized complex structure is induced by a complex structure, 
the 99-lemma coincides with the usual 99-lemma in complex geometry, 
which is known to carry a lot of topological information. (See for instance 
IIDGMS75II .') Recently, Gualtieri IIGua 04 1 proved that a compact H-twisted 
generalized Kahler manifold satisfies the 99-lemma with respect to both 
generalized complex structures involved. This result plays an important 
role in the remarkable works of | Li05J and IIGoOS II which assert that the 
moduli space of generalized complex structures on a compact H-twisted 
generalized Calabi-Yau manifold is unobstructed. 

In this paper we consider the consequence of the 99-lemma for group 
actions on generalized complex manifolds. Sources from both symplectic 
and complex geometry have served as motivation for this work. 

In [LS035 Sjamaar and the author studied the Hamiltonian action of a 
compact connected Lie group on a symplectic manifold with the Hard Lef- 
schetz property. The main results are an equivariant version of the sym- 
plectic d6-lemma, i.e., the dG^-lemma, and a stronger version of Kirwan- 
Ginzburg formality theorem which says that each cohomology class has a 
canonical equivariant extension. 

Motivated by |ILS03|| . we consider the Hamiltonian action of a compact 
connected Lie group on an H-twisted generalized complex manifold (M,J') 
as introduced in [LT05J 0. Given such an action, we introduce two exten- 
sions of the usual equivariant Cartan complex and define their cohomolo- 
gies to be the generalized equivariant cohomology and the generalized 
equivariant Dolbeault cohomology respectively. In contrast with the usual 
equivariant Cartan complex, these two extensions both contain information 
from moment one forms which come up very naturally in the definition of 
generalized moment maps. Assume the manifold satisfies the 99-lemma, 
we prove that the generalized equivariant cohomology and the general- 
ized equivariant Dolbeault cohomology are both canonically isomorphic to 
(Sg*)^ Hh(M], where [Sq*)^ is the space of invariant polynomials over 
g and Hh(M) is the H-twisted cohomology of the manifold M. This gives 
an analogue of Kirwan-Ginzburg equivariant formality theorem in gener- 
alized geometry. In addition, we establish an equivariant version of the 
99-lemma, namely, the 9G9-lemma, which is a direct generalization of the 
dcS-lemma liLS03 1 in symplectic geometry. 



^We note that recently there have been considerable interests in extending quotient and 
reduction to the realm of generalized complex geometry [Hu05J , ILT05J , LSX05J , tBCGOSJ , 

fvosl . 
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We would like to mention that recently it has been found by A. Ka- 
pustin and A. Tomasiello | KT06] that the conditions used in | LT05 1 to define 
Hamiltonian actions and reductions in generalized Kahler geometry are 
exactly the same as the physics conditions for (2,2) gauged sigma model. 
This has thus provided us physics motivations to study the properties of 
the Hamiltonian generalized Kahler manifolds as defined in [LT051- As a 
consequence of the results stated in the previous paragraph, one derives 
easily the first of such properties: compact Hamiltonian twisted general- 
ized Kahler manifolds always satisfy the QcQ-lemma. In view of this and 
the aforementioned result of A. Kapustin and A. Tomasiello, it will be in- 
teresting to construct more non-trivial examples of compact Hamiltonian 
generalized Kahler manifolds. This question has been addressed in an ac- 
companying short note [L06 | which also provides us some interesting ex- 
amples for which the QcQ-lemma holds. 

The second part of this paper is guided by results from Kahler geome- 
try. Historically, holomorphic vector fields on Kahler manifolds have been 
studied by many mathematicians. Among many other things, a famous 
result of Carrell and Lieberman IICL73|I asserts if on a compact Kahler man- 
ifold M there exists a holomorphic vector field which has only isolated ze- 
roes, then Hg'''(M) = unless p = q. Recently, assuming the holomor- 
phic vector field is generated by a torus action, Carrell, Kaveh and Puppe 
|CKP04I| gave a new proof of this result. Their method is based on equi- 
variant Dolbeault decomposition as recently treated by Teleman [TOO] and 
Lilly white | Lilly03 1, as well as the localization theorem in equivariant co- 
homology theory. 

We observe that the new treatment given in IICKP041 could be adapted to 
the case of a torus action on a compact generalized Kahler manifold under 
certain conditions. Indeed, if we assume the action of the torus T is equiv- 
ariantly formal, then a result of AUday |A1104| shows that the equivari- 
ant cohomology of the torus action is canonically isomorphic to S ® H(M), 
where S is the space of polynomials over the Lie algebra of T. On the other 
hand, it is shown IIGilOSII that assuming the 99-lemma H(M) will split into 
the direct sum of generalized Dolbeault cohomology groups. Therefore we 
actually have a version of generalized equivariant Dolbeault decomposi- 
tion for compact generalized Kahler manifolds. This result, together with 
the localization theorem in equivariant cohomology theory, enables us to 
get a generalization of the above mentioned result of Carrell and Lieber- 
man in generalized Kahler geometry. 

Actually, another motivation for this piece of work is to understand the 
generalized Hodge theory developed by Gualtieri ]Gua0 41 by some con- 
crete examples. In [LT05J Tolman and the author developed a general 
method which allows one to produce non-trivial examples of generalized 
Kahler structures on many toric varieties. We note that the classical Hodge 
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numbers have been long known for toric varieties. It is thus an interest- 
ing question if one can calculate the generalized Hodge numbers for the 
examples of generalized Kahler structures on toric varieties discovered in 
|LT05|I . In this article, using the analogue of Carrell and Lieberman's result 
in generalized Kahler geometry we compute the generalized Hodge num- 
ber for non-trivial examples of generalized Kahler structures on CP"^ and 
CP^ blown up at a fixed point. 

The plan of this paper is as follows. 

Section 2 goes over some basic concepts in generalized geometry. 

Section 3 presents a quick review of equivariant de Rham theory, includ- 
ing a recent result of AUday f A1104| . 

Section 4 defines the generalized equivariant cohomology and general- 
ized equivariant Dolbeault cohomology for Hamiltonian actions on twisted 
generalized complex manifolds. Assume that the manifold M has the 99- 
lemma. Section 4 proves that the two cohomologies are canonically isomor- 
phic to (Sg*)^ Hh(M) ; moreover, it establishes an equivariant version of 
the 9 9 -lemma. 

Section 5 presents a generalization of Carrell and Lieberman's result in 
generalized Kahler geometry. 

Section 6 computes the generalized Hodge number for non-trivial exam- 
ples of generalized Kahler structures on CP"^ and CP"^ blown up at a point. 
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lating discussions on Hamiltonian actions and other aspects of generalized 
geometry. Indeed I was led to the present work by our joint paper I LT05| 
which kicked the whole project of symmetries in generalized geometry. 

I would like to thank Lisa Jeffrey and Johan Martens for their interests in 
this work and for many helpful discussions. Finally I would like to thank 
the Mathematics Department of the University of Toronto for support and 
excellent working conditions. 



Let V be an n dimensional vector space. There is a natural bi-ltnear pair- 
ing of type (n, n) which is defined by 



A generalized complex structure on a vector space V is an orthogonal lin- 



ear map J : V © V* ^ V © V* such that = Let V C Vc © 



be the eigenspace of the generalized complex structure J. Then L is 
maximal isotropic and L n L = {0). Conversely, given a maximal isotropic 
L c Vc © so that L n L = {0}, there exists an unique generalized complex 



structure J whose eigenspace is exactly L. 

Let 7r : Vc © — > Vc be the natural projection. The type of J is the 
codimension of 7t(L) in Vc, where L is the \/— T eigenspace of J'. 



2. GENERALIZED COMPLEX GEOMETRY 



(X + a,Y+|3) = -(|3(X) + am). 
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The Clifford algebra of Vc ® acts on the space of forms AV* via 



Since J is skew adjoint with respect to the natural pairing on V © V*, 
J G so(V © V*) = A2(V © V*) c CL(V © V*). Therefore there is a Clifford 
action of J on the space of forms AV* which determines an alternative 
grading : AV^ = U*^, where U*^ is the — ky^^ eigenspace of the Clifford 
action of J . 

Let M be a manifold of dimension n. There is a natural pairing of type 
(n, n) which is defined on TM © T*M by 



and which extends naturally to TcM © T^M. 

For a closed three form H, the H-twisted Courant bracket of TcM© T^M 
is defined by the identity 



The Clifford algebra of C°° (TM © T*M) with the natural pairing acts on 
differential forms by 



A generalized almost complex structure on a manifold M is an orthogo- 
nal bundle map J : TM © T* M ^ TM © T* M such that J-^ = —'\. Moreover, 
J is an H-twisted generalized complex structure if the sections of the \/— T 
eigenbundle of J is closed under the H-twisted Courant bracket. The type 
of J" at m G M is the type of the restricted generalized complex structure 
on TraM. 

Let B be a closed two-form on a manifold M, and consider the orthogonal 
bundle map TM © T*M — > TM © T*M defined by 



where B is regarded as a skew-symmetric map from TM to T* M. This map 
preserves the H-twisted Courant bracket. As a simple consequence, if J 
is an H-twisted generalized complex structure on M, then J' = e^Je^^ 
is another H-twisted generalized complex structure on M, called the B- 
transform of J . Moreover, the \/— T eigenbundle oi J' is so J and 

J' have the same type. 

Let (M, J") be an H-twisted generalized complex manifold of dimension 
2n, and let L be the \/— T eigenbundle of J. Since J can be identified with 
a smooth section of the Clifford bundle CL(TM © T*M), there is a Clifford 
action of J on the space of differential forms. Let U*^ be the — k\/^ eigen- 
bundle of J. liGua03l shows that there is a grading of the differential forms: 



(X + £,) • a = Lxa + A a. 



(X + a,Yp) = -(|3(Y) + a(X)) 



[X + Y + Ti] = [X, Y] + Lxn ~Ul^~-d[r][X]-l[y]] + lyLxH. 



(X y • a = Lxa + ^, A a. 




a*(M) = r(u-^) © • • • © r(u°) © • • • © r(u^); 
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moreover, Clifford multiplication by sections of L and L is of degree —1 and 
1 respectively in this grading. This elementary fact plays an important role 
in Section m 

It has been shown (See e.g. flGua03 1 and [KL04]) that the integrability of 
an H-twisted generalized complex structure J implies that 

dH = d - HA : r(u'') ^ r(u''-^ ) e r(u'^+^), 

which gives rise to operators 9 and 9 via the projections 

9 : r(u'') ^ r(u^-M, 9 : r(u^) ^ r(u^+^). 

It follows that 

92 = 92 = 99 + 99 = 0. 
This leads to the following definition. 

Definition 2.1. (c./. |IGil05ll ) The k-th generalized Dolbeault cohomology of 

M is defined to be 

H^(M) =ker[r[U^) A r(u'"+^ ))/zm(r(U''-^ ) A r(U^)). 

The effect of B -transforms on the above grading of differential forms and 
on 9, 9 operators has been studied in [GilOSJ. Though [GilOSJ considers 
only the untwisted generalized complex structures, it is easily seen that the 
same proof extends to the twisted case as well. However, note that our sign 
convention for B -transforms differs from that of |Gil05| . 

Lemma 2.2. ( llGilOSl ) Let B be a closed two form and let Jb be the ^-transform 
of the generalized complex structure J. Then we have 

a) Ug = e^^U\ where \l\ denotes the — k\/^ eigenbundle of 

b) 9b = e-^de^, 9b = e-^^e^. 

Proposition 2.3. r |Gil05[ ) If the generalized complex manifold [}A,J] satisfies 
the dd-lemma, then 

Hh(M]=0H|(M). 

k 

Example 2.4. ( IIGua03ll ^ 

• Let V be a real vector space with a complex structure I. Then the 
map J : V e V* ^ V e V* defined by 

is a generalized complex structure on V with the \/— T eigenspace 

L = A°-VceAi'°V*. And one easily checks that U"^ = 0q_p=k (A^-^'V^). 

• Now let (M, I) be a complex manifold. Then (12.11 ) defines a gener- 
alized complex structure with the eigenbundle 

L = A^'^TcMeA^'^T^M. 
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And the decomposition d : r(U^) ^ r(U'^+^) © r(U'^-^) coincides 
with the usual decomposition d = 9 + 9 on the complex manifold 
(M,I]. 

Example 2.5. ( IgIIOSII ) 

• Let (V, tu) be a 2n dimensional symplectic vector space. Then the 
map J : V © V* ^ V © V* defined by 





(2.2) J - ^ . 

is a generalized complex structure on V. It was proved in IIGil05| 
that 

(2.3) = {e^^e^T a : a G A^+'^V*}. 

• Now let (M,tu) be a symplectic manifold. Then (I2.2D defines a 
generalized complex structure J^j with the \/— T eigenbundle L = 
{X ~ \/^Lxcu : X e TcM}. It is easy to see that (|2.3|) provides a 
concrete description of the alternative grading of differential forms 
induced by Juj. Furthermore, we have 

(2.4) -2i9(e^^e5Ta) = e^^e2T(6a), 9(e^^e5Ta) = e^^e^r (da) , 

where 8 is the Koszul's boundary operator introduced by Koszul 
IIKos8 5l and studied by Brylinski [Bry88 1 . As a consequence, the k- 



th generalized Dolbeault cohomology H|(M) = H"^ ''(M] as graded 
vector spaces. 

Let OalM) = 0(M) n ker9. Since 9 anti-commutes with 9, (03,9) is 
a differential complex with the differential 9. Similarly, let H(n(M), 9) be 
the homology of n(M) with respect to 9. Then 9 induces a differential on 
H(a(M),9). 

The following result is a simple consequence of the 99-lemma. The proof 
is left as an exercise, (c.f. [Gil05].) 

Proposition 2.6. Assume that the dd-lema holds. Then the d-chain maps in the 
diagram 

(0(M),9) ^ (n9(M),9) ^ H(a(M),9) 
are quasi-isomorphisms, i.e., they induce isomorphisms in cohomology. 

A manifold M is said to be an H-twisted generalized Kahler manifold 
if it has two commuting H-twisted generalized complex structures J^iJz 
such that {-J^JiK I) > for any / G C°° (TcM © T*M), where •) 
is the canonical pairing on TcM © T^M. The following remarkable result is 
due to Gualtieri. 

Theorem 2.7. C |Gua04| ) Assume that (M, J-\ , J2] is a compact H-twisted gen- 
eralized Kahler manifold. Then it satisfies the dd-lemma with respect to both J\ 
and J2. 
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Example 2.8. ( HGua03ll ) 

• Let (tu,I) be a genuine Kahler structure on a manifold M, that 
is, a symplectic structure o) and a complex structure J which are 
compatible, which means that g = — u; J is a Riemannian metric. By 
Example |2.5| and [2.4| cu and I induce generalized complex structures 
Juo and Ji, respectively. Moreover, it is easy to see that J^jj and J\ 
commute, and that 

(2.5) -^-^i=(g 'o") 

is a positive definite metric on TM © T*M. Hence [Jw,J\) is a 
generalized Kahler structure on M. Since [Jw, J\) is induced by 
a genuine Kahler structure, sometimes we will also call [Juj, J\] a 
Kahler structure. 

• Let [Juj,J\] be a generalized Kahler structure induced by a gen- 
uine Kahler structure (tu, I), and let B be a closed two form. Then 
(e^(Jcu)) Ji)) is also a generalized Kahler structure which is 
said to the B -transform of the Kahler structure (uj, I). 

3. Equivariant de Rham theory and canonical equivariant 
extensions via hodge theory 

We begin with a rapid review of equivariant de Rham theory and refer 
to ||GS99| for a detailed account. Let G be a compact connected Lie group 
and let OGfM] = (Sg* ® 0(M))^ be the Cartan complex of the G-manifold 
M. For brevity we will write O = n(M) and = nG(M). By definition 
an element of is an equivariant polynomial from g to O and is called an 
equivariant differential form on M. The bigrading of the Cartan complex 
is defined by = (S^g* ® O')^. It is equipped with a vertical differential 
1 ® d, which is usually abbreviated to d, and the horizontal differential d', 
which is defined by d'a(f,) = — vioAX). Here denotes inner product with 
the vector field on M induced by G g. As a total complex, D.q has the 
grading = 02T^+j^^n^' and the total differential dc = d + d'. The total 
cohomology kerdc/imdc is the de Rham equivariant cohomology Hg(M]. 
A fundamental fact for equivariant cohomology is the following localiza- 
tion theorem. 

Theorem 3.1. {Localization Theorem) Suppose a compact connected torus T 
acts on a compact manifold M. Then the kernel of the canonical map 

i* : H|(M) ^ H^(M"^), 

induced by the inclusion i : — > M is the modide of torsion elements in Ht(M], 
where is the fixed point set of the torus T action. In particular, if Hj[M) is a 
free module over S, the polynomial ring over the Lie algebra i of T, then i* is an 
injective map. 
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Since = (O^)', the space of invariant j -forms on M, the zeroth col- 
umn of the Cartan complex is the invariant de Rham complex O^. Be- 
cause G is connected, is a deformation retract of the ordinary de Rham 
complex CI. The projection p : CIq — ) O^, defined by p(a) = a(0), is a mor- 
phism between the Cartan complex (Og, dc) and the ordinary de Rham 
complex (O, d). The action of G is called equivariantly formal if p induces 
a surjective map Hg(M) — > H(M). IIA1104II explained in details that this 
definition of equivariant formality is equivalent to the one that the spec- 
tral sequence of the Cartan double complex relative to the row filtration 
degenerates at Ei stage. 

Assume the G action on M is equivariantly formal. AUday |1A1104| showed 
how to construct canonical equivariant extensions using Hodge theory. Let 
us briefly recall his construction here. Using a G -invariant Riemannian 
metric on M one defines Hodge star operator *, adjoint operator d*, the 
Laplacian A, and Green's operator G. (It should be clear from the context 
where G is the Lie group and where G is Green's operator.) Since the metric 
is G-invariant, *, d*. A, and G are all G-equivariant operators. Therefore 
P = (1 d*G)d' is a well-defined operator on the equivariant Cartan com- 
plex. The following result is due to AUday. 

Theorem 3.2. C I|A1104| ) Assume the G-action on M is equivariantly formal. Let 
a e O*^ be fl closed form (i.e., da = 0). Let 

a=(l -P)-ia = (x+P(a) + p2(a) + ... + p^(a) + ... . 

Then dQ(x = 0. Hence the map a — > [aJc, restricted to harmonic forms, is a 
canonical section of the projection Hq{M) — > H(M). 

As a direct consequence we have 

Proposition 3.3. Assume the G-action on M is equivariantly formal. Then there 
is a canonical isomorphism 

Hg(M) = (S0*)^®H(M]. 

4. Generalized equivariant cohomology and the 9g9-lemma 

First we recall the definition of Hamiltonian actions on H-twisted gener- 
alized complex manifolds. 

Definition 4.1. r |LT05| ) Let a compact Lie group G with Lie algebra g act on 
a manifold M, preserving an H-twisted generalized complex structure J, where 
H G n^(M)^ is closed. Let L c TcM © T^M denote the eigenbundle of J. 
A twisted generalized moment map is a smooth function f : M — > g* so that 

• There exists a one form x\ e (M, g*), called the moment one form, 
so that £,M — \/— T (df^ + a/^t)^) lies in L/or all £, G g, where £,m 
denote the induced vector field. 

• f is equivariant. 

• Lf,M^ = ^-^^ for any f, G g. 
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Let Og be the Car tan double complex of the G -manifold M. Then the 
horizontal differential of the Cartan complex is defined by d'a = —L£^^ «(£,), 
and the vertical differential is d. By definition, the Cartan double com- 
plex does not encode any information from the moment one form r\ which 
comes up very naturally in the definitions of generalized moment maps. 
Observe that if^^ a = f,M • oi, where • denotes the spin action. To extract the 
full information from the Definition 14. 1[ it is thus reasonable to extend d' 
to a new operator A by 

[Aam=A[Q-a[Q=-i^^oc + V^[di^ + V^ri^]Aoc, 

where A(E,) = -f,M + ^{di^ + V^r[^)- And now that the generalized 
complex manifold is H-twisted, it is natural to replace the usual derivative 
d by the twisted one dn = d— HA. Since H is an invariant form, the twisted 
exterior derivative du is G-equivariant and induces a well defined operator 
1 dH on (Sg* n(M))^. For brevity let us also denote this by dH. Then 
we have 

(dH^cx) (y = dH (-L^M a(^) + V^df ^ A «(£,)- Ti^ A 

= (-dL^^ a(y + H A - V^df ^ A [doc(Q -HA a(Q) 

+ ri^ A {dotiQ -HA (x{Q) - dr\^ A ot{Q 
= dcK[Q - L^^ a(£,) + H A l^^ oc{Q - V-T df ^ A duoc[Q + A dnotlQ 

-L£^^HAa(y ( Because dr|^ = L£^^H.) 
= (f,M - V-Tdf ^ + Ti^) • dnotiQ i Because L^^ a(£,) = 0.) 
= (-yidHCx) [Q. 

This shows clearly that duA = — yidH- We propose the following defini- 
tion. 

Definition 4.2. (generalized equivariant cohomology) Let CIq = (Sg* 
O(M))'^ be 2.2 graded. Then Dg = dw^ A is a differential of degree 1. And 
the Z2 graded generalized equivariant cohomology is defined to be 

ker ( Q_'^'^l°^<^ ^ Q0dd/evcn\ 

^Wodrf(Q^^D^) = ) f . 

im ( 0°'^'^/'^''"^" ^ Qeven/odd\ 

As we are going to show in Example 14.51 the generalized equivariant 
cohomology is invariant under G -invariant B -transforms. This suggests 
that the generalized equivariant cohomology is something natural to work 
with in the category of generalized geometry. It will be interesting to define 
it for more general actions and study its property in some depth. We will 
leave it for future work. 

The presence of the H-twisted generalized complex structure determines 
a splitting dn = 9 + 9. And since J" is G invariant, the operators 9 and 9 are 
G equivariant. So on (Sg*(Xin(M))^ there are well-defined operators 1 9 
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and 1 (8) 9 which we will abbreviate to 9 and 9. The following lemma says 
that 9 and 9 also anti-commute with the operator A we introduced above. 

Lemma 4.3. For any a G (Sg* ® O)'^, we have 

dAoi = --yi9a, 9yia = — yi9a. 

Proof. Without the loss of generality we may assume that for any f, G g, 
a( £,) G U*^, the — k\/^ eigenspace of the Clifford action of J on the space of 
differential forms. Observe that (dH^)'x(^) = — (^dH)a(t), i-e., dH^(f,)csc(f,) 
= —A[L]diwa[L] for any £, G g. Compare the U^+^ and U^^^ components 
of diy{A[L)oL[L] and —A[Qdiw(K.[L) respectively, we conclude that for any 
^ G g, A[l]d<x[l) = -d<x[l), yi(£,)9a(y = -9a(y. □ 

Definition 4.4. (generalized equivariant Dolbeault cohomology) DefineMo, = 
(Sg* ® D(M))^ to he the double complex with the bigrading 

where r(U'^^) is the (i — j ) T eigenspace of the Clifford action of J on the space 
of differential forms. It is equipped with the vertical differential 9 and the horizon- 
tal differential A. As a total complex, Mq has the grading = ©t+j^ic^c' '^^'^ 
the total differential 9g = 9 + A.The cohomology of the total complex (Uq, 9g) is 
defined to be the generalized equivariant Dolbeault cohomology of the Hamiltonian 
action. 

Example 4.5. Let G act on an H-twisted generalized complex manifold 
[M,J') with twisted generalized moment map f and moment one form a. 
If B G n^(M)^, then G acts on the B -transform of J' with generalized mo- 
ment map f and moment one form a', where (a')^ = + L£,mB for all 
^ G g. 

• Let be the total differential of the generalized equivariant dou- 
ble complex with respect to the Hamiltonian action on (M, e^J'e^^). 
Then direct calculation shows that D^aiL,) = D QOi{L,] + (i.£,^^B) A 
«(£,). Since B is G-invariant, it induces an isomorphism 

: Og ^ ^^G, a ^ A a; 
furthermore, we have DgC^ = e^D^. This shows immediately that 
HIOg.Dg) =H(Og,d1). 

• Let 9q be the total differential of the generalized equivariant Dol- 
beault complex with respect to the Hamiltonian G-action on ( M, e^J'e^^ ) . 
It follows easily from Lemma l2!2l that 9Ge^ = 6^9^. As a result, 

H(Ug,9E] =H(Ug,9g). 
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Since by Lemma l43l the operator A ar\ti-commute with 9 : U^' — > Uq'^\ 
9g = d + A anti-commutes with 9. So it makes sense to define the 9g9- 
lemma. Namely, the Hamiltonian generalized complex manifold M is said 
to satisfy the 9G9-lemma if and only if 

ker9 n im9G = ker9G n im9 = im9G9. 
First let us pause for a moment to point out that when the generalized 
complex structure is induced by a symplectic structure, the 9G9-lemma is 
equivalent to the dG^-lemma |LS03| . 

Example 4.6. Let G act on a symplectic manifold (M, cu) with moment map 
O : M — > g*, that is, O is equivariant and ^e^j^w = dO^ for all G g. Then 
G also preserves the generalized complex structure Jw, i-e., the general- 
ized complex structure induced by the symplectic structure w, and O is a 
generalized moment map for this action with zero moment one form. 
Since the symplectic structure w and the associated Poisson bi-vector 

A are G -invariant, the operator e^^eii : n(M) — > n(M) extends to an 

operator e^'^e^i : (Sg* ® D.[M)]^ — > Ug- Moreover, for any equivariant 
differential form a and any G g, we have: 

This proves that for any equivariant differential form cx, 

yie^^e3Ta = e^^e^Td'a. 
This observation, together with \2A}, shows that 

9Ge^^eiTa = e^^e^dGa, -2i9e^^e2Ta = e^^e2T5a, 

where 6 denotes the natural extension of the Koszul's boundary operator 
to equivariant differential forms. 

Therefore the generalized equivariant cohomology group is canonically 
isomorphic to the equivariant cohomology group as (Sg*)*^ -modules. Fur- 
thermore, it is easy to see that the 9G9-lemma is equivalent to the dG^- 
lemma |LS03I which asserts that 

kerdG n im8 = ker5 n imdG = imdG^. 

Now that 9 anti-commutes with 9, it is straightforward to check that 
UG,a = LIg n ker(9) is a sub-double complex of Ug and that the homol- 
ogy complex H(Ug, 9) of Ug with respect to 9 is a double complex with 
differentials induced by 9 and A. Thus we have the following diagram of 
morphisms of double complexes 
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(4.1) (Ug, 9g) ^ (Ug n ker(9), 9g) ^ H(Ug, 9), 

Since 9 does not act on the polynomial part, these morphisms are linear 
over the invariant polynomials (Sg*)^. Let us first examine the homology 
complex H(Ug, 9). We will need two preliminary results. 

Lemma 4.7. Suppose the action of the connected compact Lie group G on M pre- 
serves the H-twisted generalized complex structure J, and suppose that {M,J) 
satisfies the dd-lemma, then the induced G action on H|(M) and H*(0(M), 9) is 
trivial. 

Proof. Let a be a representative of an element [a] of Hg(M). By Proposition 
12.61 we may well assume that a is both 9 and 9 closed. In particular, this 
implies that a is d-closed. Let g be an element of G. Since the induced Lie 
group action on the de Rham cohomology is trivial, we have 

(4.2) g*a — a = dy 

for some y G D.[M). Without the loss of generality we may assume that y 
has only U'^^^ component y'^^^ and U'^+^ component y'^+^ . By comparing 
the components of the both sides of (|4.2|) we get 

g*a - a = ^^-^ + 9y'^+\ 9y'^-^ = 0, 9y''+^ = 0. 

Note that 9y'^+^ is both 9 exact and 9 closed. By the 99-lemma 9y'^+^ = 99r| 
for some r\ G U'^. Therefore g*a — a = 9(y'^^^ + 9ri]. This shows that the 
induced G action on Hg(M) is trivial. A similar argument shows that the 
induced G action on H(0(M), 9] is trivial. 

□ 

It is important to notice that 9 is not a derivation. But we have the fol- 
lowing Leibniz rule. 

Lemma 4.8. Let f he the generalized moment map and let r] G (M, g*) he the 

associated moment one form. For any f, G g, define A[L,) = — £, + \/^(df^ + 
a/^ti^) as before. Then for any a G D.[hA],we have 

9(f ^a) = . a + f ^Qcx. 

Proof. Without the loss of generality we may assume that a G U^. First we 
note that 

d(f^a) = df^Aa + fMa. 



It is easily seen that df^ = -^^^-^A[l] + ^^^-^A[l] with -^^^-^A[l] G 



C°°(L) and ^^A[l) G C°°(L]. Thus 



d(f^a) = (^^^A[Q + ^^A{1]^ • a + 
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Now compare the ^ component of the both side of the above equality, 
we get that 

□ 

We note that as an immediate consequence of Lemma 14.71 and Lemma 
|4.8[ the homology complex H(Ug, 9) is a double complex with trivial dif- 
ferentials if the manifold M satisfies the 99-lemma. 

Lemma 4.9. If{M, J) satisfies the dd-lemma, then both differentials 9 and A on 
H(Ug, 9) are zero. 

Proof First we observe that the (ordinary) 99-lemma holds for equivariant 
forms as well as for ordinary forms. The reason is that 9 and 9 acts on Uq 
as 1 9 and 1 9 respectively and the both operators are G equivariant. 
Now suppose a e Uq satisfies that 9a = 0. Then 9a = 99|3 = —99(3 for 
some (3 G Ug- Hence the differential on H(Ug, 9) induced by 9 is zero. 

To prove the other differential is zero we have to be more careful to pick 
a representative of an element of H(Ug, 9). By Lemma [4.71 the induced G 
action on H(0(M), 9) is trivial. This implies that 

(4.3) H(Ug, 9) = [Sq* <S) H(a(M), 9))^ = (Sg*)^ H(a(M), 9). 

Choose a basis f,i of g. Let xi be the dual basis of q* and let f^^ be a basis 
of the vector space (Sg*)^ of invariant polynomials. It follows from (|4.3|) 
that an element of H(Ug, 9) can be represented by an a G Ug with 9a = 
of the form a = ^^fi at for unique Ui G 0^(M). It follows that 9ai = 
for all i. And so by Lemma l48l A(Lj]oc'i = 9|3ij. Hence ^la = jXjft 

9|3ij = 9 ■ Xjfi (g) (3ij^ . Since the operator A and 9 are equivariant, after 

averaging over G we get yia = 9|3 with (3 G Ug, i.e., the differential on 
H(Ug, 9) induced by A is trivial. 

□ 

Let E be the spectral sequence of Ug relative to the filtration associated 
to the horizontal grading and Eg that of Ug,3. The first terms are 

(4.4) 

El = ker9/im9 = (Sg* H-Q[M)f = (Sg*)^ Hg(M), 

(Ea)i = (ker9 n ker9)/(im9 n ker9) = (Sg* H(aa(M), 9))^ = (Sg*)^ Ha(M). 

Here we used the isomorphism H(Og(M), 9) = Ha(M) of Proposition 
12.61 and the connectedness of G. By Lemma |49]H(Ug, 9) is a double com- 
plex with trivial differentials, so its spectral sequence is constant with triv- 
ial differential at each stage. The two morphisms (|4.1|) induce morphisms 
of spectral sequences 

E^Es^H(Ug,9). 
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It follows from ( |4.3I > and (I4.4I) that these two morphisms are isomor- 
phisms at the first stage and hence are isomorphisms at every stage. So 
they induce isomorphisms on the total cohomology. In fact, since the spec- 
tral sequence for H(Ug, 9) is constant, so are spectral sequences E and £3. 
This proves the following result, where a(M) denotes the total coho- 
mology of Ug g. 

Theorem 4.10. (equivariant formality I) Assume that the generalized com- 
plex manifold M satisfies the dd-lemma. Then the spectral sequences E and Ea 
degenerate at the first terms. And the morphisms (14. 3D induce isomorphisms of 
[Sq*)'^ -modules 

H(Ug, 9g) ^ Hg,9(M) ^ (Sfl*)^ Ha(M). 

The following corollary is an immediate consequence of Theorem 14.101 
and Proposition I22I 

Corollary 4.11. Assume that the generalized complex manifold M satisfies the 
dd-lemma. As {Sg*)'^-modules 

H(Ug,9g) = (S5*]^0Hh(M). 

To prove the 9G9-lemma we need the following useful technical lemma. 
For a proof, we refer to IIL04L 

Lemma 4.12. niL04l ) (Db-lemma) Let (K**, d, d') he a double complex which is 
bounded in the following sense: for each n, there are only finitely many non-zero 
components in the direct sum YC^ = 0|_|_j=TT^K^''. Here d is the degree 1 vertical 
differential and d' the degree 1 horizontal differential. Assume that there is a degree 
— 1 vertical differential 6 which anti-commutes with both dand 6.' ,i.e., d6 = — 6d, 
d'5 = — 6d'. Let (K*, D) be the associated total complex, where D = d -I- d'. And 
assume that the double complex (K**, d, d') satisfies: 

a) imd. n kerb = herd D imb = imdb; 

b) The spectral sequence associated to the row filtration degenerates at the 
El stage. 

Then we have imD n kerb = imDb. 

We are ready to state the main result of this section. 

Theorem 4.13. Consider the Hamiltonian action of a connected compact Lie group 
on an H-twisted generalized complex manifold (M, J). If{M, J) satisfies the dd- 
lemma, then 

imdQ n herd = kerdQ n imd = imdQd. 

Proof. As a direct consequence of Theorem 14 . 1 1 and Lemma [4.12[ we have 
im9G n ker9 = im9G9. The second half of the 9G9-lemma follows from the 
first: assume that 9gcx = and a is 9 exact. Then the cohomology class 
of a in H(Ug, 9) is zero, so by Theorem 14. 101 the cohomology class of a in 
HG,a(M) is zero, i.e., a is 9g exact. Hence a = 9g9|3 for some (3. □ 
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As an easy consequence, the 9 q 9-lemma holds for compact H-generalized 
Kahler manifolds. To state this result more precisely, let us first recall the 
definition of Hamiltonian actions on twisted generalized Kahler manifolds. 

Definition 4.14. (PLT05|) Let the compact Lie group G with Lie algebra g act on 
a manifold M. A generalized moment map /or an invariant H-twisted gener- 
alized Kahler structure [J^ , Jz) is a generalized moment map for the generalized 
complex structure J\. If such a generalized moment map exists, the action on the 
H-twisted generalized Kahler manifold {M,J-\, J2) is said to be Hamiltonian. 

Corollary 4.15. Assume that the action of the compact Lie group G on an H- 
twisted generalized Kahler manifold {M,J-\, J2) is Hamiltonian. Then the 9g9- 
lemma holds for the generalized complex manifold [M.,J-\). 

Proof. By Theorem I2.7[ the 9 9-lemma holds on M with respect to both J-\ 
and Jx. By definition, the action of G is Hamiltonian on the generalized 
complex manifold (M, ). Now the corollary follows easily from Theorem 

□ 

To conclude this section let us present an application of the 9 g 9-lemma 
which says that the generalized equivariant cohomology is canonically iso- 
morphic to (Sg*)^ (gi Hh(M) provided the manifold M satisfies the 99- 
lemma. 

Observe that the inclusion map 

(Ug,9,9g) (Hg.Dg] 

is actually a chain map with respect to the differentials 9g and Dg since 
9Ga = Dgcx for any a G UG,a = Ug H ker9. So it induces a map 

(4.5) HG,a(M) ^H(nG,DG]. 

Suppose a is a representative of a cohomology class in HG,a(M) and 
a = Dg|3 for some |3 € Og- Then a— 9p = 9G|3is both 9 closed and 
9g exact. So by the 9G9-lemma a— 9(3 = 9G9y for somey G Ug. Thus a = 
9(|3 — 9gT) is both 9-exact and 9g closed. Applying the 9G9-lemma again, 
we conclude that a = 9G9ri for some r] G Ug. This shows that a represents 
a trivial cohomology class in HG,a(M) and the map l|4.5|) is injective. Now 
suppose a is a representative of a cohomology class in H(nG, Dg)- Then 
since 9G9a = — 9DGa = 0, 9a is both 9 exact and 9g closed. So 9a = 9g9|3 
for somej3 G Ug- It follows that 9(a + 9g|3) = 9(a + Dg|3) = 0. Since 
Dgoc = Bgoc + 9a = 0, 9G(a + Dg(3) = —9a + 9g9|3 = 0. This shows 
clearly that the cohomology class of a in H(nG,DG) is the image of the 
cohomology class ofa+DG(3inHG,a(M). Hence the map (|4.5|) is surjective. 
The above discussion, together with Corollary I4.11[ leads to the following 
theorem. 



17 



Theorem 4.16. (equivariant formality II) Assume the generalized complex 
manifold M satisfies the dd-lemma. Then 

H(Og,Dg) = (S0*)G®Hh(M). 
5. Torus actions on generalized Kahler manifolds 

Assume that (M,J') is a generaUzed complex manifold which satisfies 
the9a-lemma. By Theorem|2l]wehavethatH(M) = 0^H|(M). Therefore 
we have the following decomposition of Hg(M). 

Proposition 5.1. Assume the connected compact Lie group G action on M is 
equivariantly formal and assume M satisfies the dd-lemma. Then there is a canon- 
ical isomorphism of {Sg*)'^-modules 

(5.1) Hg(M)=0(Sb*)G®H|(M). 

k 

Remark 5.2. It is obvious that the above canonical isomorphism depends 
only on the invariant metric that we choose. When the generalized complex 
structure J' is induced by a complex structure I in an G -invariant Kahler 
pair (tu,I), it is easy to recover from i5.1} the equivariant Dolbeault de- 
composition as treated by Teleman [TOOJ and Lilly white | Lilly03) . Indeed, 



assuming the group action is equivariantly formal, using the 99-lemma for 
compact Kahler manifolds it is not difficult to show directly that, for any 
9-closed differential form a, any holomorphic vector Z generated by the 
group action and any p > 0, there exist differential forms ai , • • • , ap so that 

izoi = 9ai , • • • , Lzo^p-i = 9ap. 

Then one can apply AUday's argument in IIA1104II to the invariant Kahler 
metric and prove that the right hand side of (|5.1|l is canonically isomorphic 
to the equivariant Dolbeault cohomology. This approach will give us a new 
Hodge theoretic proof of the usual equivariant Dolbeault decomposition 
without using any Morse theory. 

Henceforth we will assume that G = T is a connected compact torus and 
that the T action preserves the generalized complex structure J'. Our next 
observation is that the fixed point submanifold of the T action is a gener- 
alized complex submanifold in the sense specified in |BB03I| . However, for 
the convenience of the reader, let us first review the notion of generalized 
complex submanifolds |BB03i . 

Let W be a submanifold of the generalized complex manifold (M,J') 
and let L be the \/— T eigenbundle of J'. Then at each point x G N define 

l-w,x = {X + (£, Itcw) : X + t g L n (Tc.xW T^_,M)}. 

This actually defines a Dirac structure on W, i.e., a maximal isotropic dis- 
tribution Lw C TcW © T^W whose sections are closed under the Courant 
bracket. If Lw is such that Lw n Lw = 0, then W is said to be a generalized 
complex submanifold of M. It is clear from the definition that if W is a 
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generalized complex submanifold of M, then there is a unique generalized 
complex structure Jw on W whose ^/—^ eigenbundle is exactly Lw More- 
over, [BB03J gives a simple condition, the "split condition", to ensure the 
submanifold W of M is a generalized complex submanifold. Specifically, 
W is said to be split if there exists a smooth subbundle N of TM lw such 
that TM |w= TW © N and such that TW ® Ann(N) is invariant under the 
generalized complex structure J. Here Ann(N) c T*M lw denotes the 
annihilator of N . 

Proposition 5.3. (' IIBB03| ) Let (M, J) be a generalized complex manifold and let 
W be a split submanifold. Then W is a generalized complex submanifold of M. 
Moreover, let ij; : TW © Ann(N) — > TW © T*W be the natural isomorphism, 
then the induced generalized complex structure Jw on W has the form Jw = 
^\)oJo^\)-\ 

Recall that the fixed point submanifold of a symplectic torus action on a 
symplectic manifold is a symplectic submanifold. The following lemma is a 
generalization of this well-known fact. We note that in the case of Zz actions 
on generalized complex manifolds the similar result has been obtained by 
J. Barton and M. Stienon [|BS06| using different methods. 

Lemma 5.4. Suppose that the torus T acts on the generalized complex manifold 
(M, J) preserving the generalized complex structure J. And suppose that Z is a 
connected component of the fixed point submanifold. Then Z is a split submanifold 
and so is a generalized complex submanifold of M 

Proof. Let x G Z be a fixed point of the torus action. Then the action of the 
torus T on M induces a T-module structure on TxM and a dual T-module 
structure on T*M. Let {^i , ^2, • • • > ^k) be the set of all distinct weights of the 
T-module T^M, where ^1 = L Then {^7^ , -Sj \ • • • , ^ } is the set of all dis- 
tinct weights of the dual T-module T*M. Let Vi C TxM be the weight space 
corresponding to %i and C T* M the weight space corresponding to , 
1 < i < k, and let = ®\=2^i- Then it is clear Vi = TxZ. Moreover, we 
claim that Ann(Nx), the annihilator of Nx, coincides with VI'. Indeed, for 
any u* G V|, w G V|,i > 2, we have 

(w,u*) = (tw,tu*) = {di[\]yv,Vi*) ='&i(t](w,u*), 

where t is an arbitrarily chosen element in T. It follows (u* , w) = and 
so V| C Ann(Nx). A dimension count shows that we actually have V| = 
Ann(Nx). Since the torus action preserves the generalized complex struc- 
ture J, Vi © Vf = TxZ © Ann(Nx) is invariant under J. Put N = U Nx. 

Then N is a smooth subbundle of TM |z such that TM |z= TZ © N and such 
that TZ © Ann(N) is invariant under J. This completes the proof that Z is 
a split submanifold. □ 

Proposition 5.5. Suppose that the torus T action preserves the generalized Kdhler 
structure {J],J2)- And suppose Z is a connected component of the fixed point 
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submanifold of the torus action. Then Z is split with respect to both J-i and Jx- 
Furthermore, the induced generalized complex structures J\ z. md J^^z. defines a 
generalized Kiihler pair on Z. 

Proof. The first assertion is an immediate consequence of Lemma 15.41 The 
second assertion follows from the description of the induced generalized 
complex structures on a split submanifold given in Proposition l5.3[ □ 

Example 5.6. As explained in [BB03], if Jw is a generalized complex struc- 
ture induced by a symplectic structure w on M, then Z is a generalized 
complex submanifold of (M, J7a>) if and only if Z is a symplectic submani- 
fold of (M, cu). By Example O 

r(u^(M)) ={e^^e3Ta: ae 0^+^(M)}, T (u'^(Z)) = {e^^^e^a : a G a^+^(Z)}, 

where ojq is the restriction of cu to Z and Aq is the Poisson bivector on Z 
associated to the symplectic structure wq. It is then not hard to see that 
a G r (U'^(M)) does not necessarily imply that (a |z) G F (U^(Z)). As a 
result, we see 9a = on M does not necessarily imply that 9z(a Iz) = 0, 
where 9z is 9 operator associated to the generalized complex structure on 
Z induced by the symplectic structure wq . 

Example 5.7. • Let V be a real vector space with a complex structure 

I, and let W be a subspace of V which is invariant under I. It is clear 
that W inherits a complex structure Iw from (V, I). Denote by J 
and J7w the generalized complex induced by I and I w respectively. 
Let U^(V) and U^[W) be the -k^Z-T eigenspace of the Clifford 
actions of J and Jw respectively. Then by Example 12.41 

U'^(V) = AP'^V*, U^W) = AP'^W*. 

p-q=k p-q=1< 

In particular, if a G U'^(V), then (a |w) e U^[W). 
• Suppose that J" is a generalized complex structure on M induced 
by a complex structure I. Then as shown in [BB03J a submanifold 
Z is a generalized complex submanifold of (M^J) if and only if S 
is a complex submanifold of (M, I). 

Now suppose that Z is a generalized complex submanifold of 
[M,^) with the induced generalized complex structure Jw- By the 
preceding discussion, if a G F (U'^(M)), then (a |z) G F (U'^(Z)). 
So if a G F (U'^(M)) such that 9a = 0, then 9z(a |z) = 0, where 9z 
is the 9-operator associated to the generalized complex structure 
Jw- 

The same argument actually gives us the following slightly more general 
result. 

Lemma 5.8. Let (M, J) be a generalized complex manifold and let Zbe a gener- 
alized complex submanifold with the generalized complex structure Jz- Suppose 
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that for each x £ Z, is induced by a complex structure on the tangent space 
TxM. As a result, the generalized complex structure Jz on Z is induced by a com- 
plex structure on Z. Furthermore if a G V (U^(M)), then [oc \z) G T (U^(Z)). 
In particular, this implies that if da. = 0, then 9z(a |z) = 0, where 9z is the 
d-operator associated to the generalized complex structure Jw. 

Theorem 5.9. Consider the action of a torus J on a generalized Kdhler manifold 
M which preserves the generalized Kahler structure [J^.Jx]- Assume that the 
action is equivariantly formal. Let Z be the fixed point submanifold. And assume 
that for any x G Z, Jz^x, ihe restriction of Jz to TxM, is induced by a complex 
structure on TxM. Then 

H|^(M) =0 if\i\ >dimZ, 
where dz is the d-operator associated to the generalized complex structure Jz- 

Proof Let us denote by S the polynomial ring over the Lie algebra t of T. By 
Proposition 15.11 there is a canonical isomorphism Ht(M) = 0,^ S Hg(M.]. 
By Proposition 15.51 the fixed point submanifold Z is a compact general- 
ized Kahler manifold and therefore satisfies the 99-lemma with respect to 
both induced generalized complex structures. This implies that Hj[Z) = 
0,^ S (E> H|(M). a straightforward check shows that there is a commutative 
diagram 

Ht(M) ^^^^^^^^ 0,S0H|(M] 

injection 

, ^ , isomorphism _ „ v , ^ , 

Ht(Z) ^ > 0^S0H^(Z), 

where the right vertical map is well-defined because of Lemma 15.81 Ob- 
serve that the direct summand S Hg(M) is mapped into S Hg(Z); more- 
over, since the above diagram is commutative, the map S H|(M) — > 
S ® H|(-Z) is injective. By Lemma 15.81 the generalized complex structure 
on Z is induced by a complex structure and so F (U'^(Z]) = if |i| > dimZ 
by type consideration. Therefore for any |l| > dimZ, H|(Z) = and so 
H|(M) = 0. 

□ 

When the invariant generalized Kahler structure {J-i,Jz) is induced by 
an invariant Kahler structure (o), I), it is easy to recover from Theorem 15.91 
the following result of Carrell and Lieberman IICL73II . IICKP04II . 

Corollary 5.10. Suppose that M is a compact Kdhler manifold with an equiv- 
ariantly formal torus action which preserves the Kdhler structure. And suppose 
that the fixed point submanifold Z of the torus action is non-empty. Assume that 
|p - q| > dimZ. Then Hl'^lM) = 0. 
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Proof. Since the fixed point of the torus action is non-empty, by a well- 
known result of Frankel |F591 the torus action is Hamiltonian and so is 
equivariantly formal by Kirwan-Ginzburg equivariant formality theorem. 
Let iJ-itJi) be the generalized Kahler structure induced by the Kahler 
structure (cu,I) on M. Then it is easy to check that the assumptions in 
Theorem EH are all satisfied. Thus H|JM) = if |k| > dimZ. Let U"^ be 

the eigenbundle of the generalized complex structure Jz- It then 

follows from Example 113] that = 0q_p_^ (AT'-^Tj^M) and that the 9 op- 
erator associated to the generalized complex structure J'z coincides with 
the usual 9 associated to the complex structure I. This finishes the proof. 

□ 



6. Calculation of generalized Hodge numbers 

The generalized Hodge theory for compact generalized Kahler mani- 
folds has been established by Gualtieri HGuaOH . Let us recall some salient 
points about this theory and refer to [ |Gua04|| for details. 

Let (M, J"! , Jz) be a compact generalized Kahler manifold of dimension 
2n. Then —J-\Jz, regarded as a positive definite metric on TM © T*M, 
induces a Hermitian inner product, the Born-Infeld irmer product, on the 
space of differential forms. 

Let r(U^) be the — eigenspace of the Clifford action of J\ on the 
space of differential forms. The commuting endomorphism Jz further de- 
composes as 



k,TL— |lc| ' 



• • © r(u 

Thus there is a (p , q ) decomposition of the differential forms. Further- 
more, this decomposition is orthogonal with respect to the Bom-Infeld 
metric, and gives rise to the following splitting of the exterior derivative: 

d = 5+ + 5_ 6+ + 5_. 

Here the differential operators act as follows: 



+Lq+i ' 




Let d*,9*,9*, 8j_ and 6^ be the adjoint operators of d,9,9, 5± and 6-|- with 
respect to the Born-Infeld inner product respectively. Then d + d*, 9^/2 + 
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^1/2' ^1/2 + ^1/2) ^± + S±) ^± + ^± are all elliptic operators; moreover, we 
have 

where A^, Aa,/^/ Ag^^^, As^, A-g^ are the Laplacians of d, 9 1/2, 9 1/2, 9 1/2, 

5± and 9± respectively. It then follows from the standard Hodge theory for 
elliptic operators 

Theorem 6.1. r |Gua04| ) The cohomology of a compact In dimensional general- 
ized Kdhler manifold carries a Hodge decomposition 

H*(M,C)= 

|p+q|<n 
p+q=2(morf2) 

where JU'''^ are A^ harmonic forms in r(U^'''). 

The generalized Hodge number h^-'' of a generalized Kahler manifold 
(M, J^i , Jz) is then defined to be the complex dimension of 'K^''^. The case 
of interest is when (i7i , ^Ti) is not the B-transform of a genuine Kahler struc- 
ture, (c.f. Example 12.81 ) In this paper, we refer to such generalized Kahler 
structures as non-trivial. Note that I1LT05II proposes a general method of 
constructing non-trivial explicit examples of generalized Kahler structures 
as the generalized Kahler quotient of the vector space C"^. In the rest of this 
section, we are going to compute the generalized Hodge number for two of 
these examples. But let us first recall how to construct non-trivial examples 
of generalized Kahler manifolds as generalized Kahler quotient. 

Let J he a generalized complex structure on a vector space V = C"^. Let 
L c Vc © be the eigenspace of J. Since L is maximal isotropic and 
L n L = {0}, we can (and will) use the metric to identify L* with L. 

Given e G A^L*, define Le = {Y + Lye | Y G L}. Then Le is maximal 
isotropic, and Le n Le = {0} if and only if the endomorphism 

(6.1) Ae =(^^ : L©L^ L©L 

is invertible. If it is invertible, there exists a unique generalized complex 
structure Je on V whose eigenspace is Lg. Note that Ae is always 
invertible for e sufficiently small. 

Now let [Jw,Ji] be the generalized Kahler structure on V = C"^ which 
is induced by the standard genuine Kahler structure (cu, I) . Let Li and 
L2 denote the eigenspaces of Jw and Ji respectively. Then Li = 
(Li n L2) © (Li n Li) and L2 = (Li n L2) © (lin L2). Thus e G C^IA^L^) 
fixes Juj if and only if e takes Li n L2 to Li n L2, i.e., if and only if e is an 
element of C°° ((LinU) © (Li nU)). 

Henceforth we will assume that e G C°° ((Lj"n T^) © (Li n 1^)). So it will 
fix Jw and deform Ji to a new generalized almost complex structure on 
a bounded region of C^. The following lemma gives a simple condition 
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which guarantees that Le, the eigenbundle of J^, is closed under the 
Courant bracket, and hence that ( Jcu, Je] is a generalized Kahler structure. 

Lemma 6.2. Assume that there exists a subset I c ( 1 , . . . , n) so that 

9F 

If?y is holomorphic and = Ofor all i, j and k G I, f/zen Le is closed under the 
Courant bracket. 

Consider the action of a compact connected torus T on V = C"^ which 
preserves the generalized Kahler structure {Jaj^Je)- A generalized mo- 
ment map for ( jTo., Je) is the generalized moment map for the generalized 
complex structure Jw which coincides with the usual moment map for the 
symplectic structure tu in this context. Let t be the Lie algebra of the torus 
T and f : M ^ t* be the generalized moment map for the torus action. If 
a G t* so that T acts freely on (a), then Ma = (ci)/S^ is defined to be 
the generalized Kahler quotient of the torus action at the level a. There is 
a naturally defined generalized Kahler structure [Ji , Jz] on Ma; moreover, 
for any ra G f^^ (a) we have 

type(^a))[m] = type(Ja))m = 0, 

(6.2) 

type(Je][^] = type(Je)ra- dim(T] + 2dim(tM n 7t(Le))ra, 

where n : JcC^ © Tc^"^ ~^ TcC"^ is the projection map, tjvi is the distri- 
bution of fundamental vector fields generated by the torus action, and Le 
is the eigenbundle of the generalized complex structure Je- Since 
a B-transform always preserves the type of a generalized complex struc- 
ture, [Jw,Je) is a non-trivial generalized Kahler structure if and only if 
type(Je]^ / ~ dim(T) at some point x of Ma- 
Example 6.3. (CP^^ for n > 3) 

We now construct a non-trivial generalized Kahler structure on CP"^ for 
n > 3 and compute its generalized Hodge number. 

Let act on C"^+^ via 

Note that this action preserves the Kahler structure (cu, I) with a moment 
map given by 

0(z]=^l|zt|2; 
i 

moreover, the action on (1 ) is free and the reduced space is exactly 



Let 



9 9 

e = zqZi - — A h zqzi dz2 A dz3. 

0Z2 0Z3 
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If necessary, multiplying e by a sufficiently small positive constant, then e 
will deform [J^j, J\] to a new generalized almost Kahler structure on the 
bounded open set O = {O^^ (z) < 2} so that type( J'ejz is n + 1 if zqZ\ = 

and is n — 1 otherwise. Since zqZi is holomorphic and ^ = ^ ^ = 0, 

9z2 9z3 

by Lemma [6^ [Jw, Je) is in fact a generalized Kahler structure on O. 

Since e is invariant, [JwyJe) is also invariant with a generalized 
moment map O. So there is a naturally defined generalized Kahler struc- 
ture [Jw,Je]ory the quotient space CP'^ = O^^l )/S^ Note that the fun- 
damental vector generated by the above S ^ action on C"+^ is 

i 

and hence X does not lie in 7t(Le) at any point of C"^+\ where Le is the ^/—^ 
eigenbundle of Je- It follows from type(^cu)[z] = for all [z] e CP"^, 
whereas type(J'e)[2] = n if zqzi = , otherwise type(j7e)[2] = n. — 2. So 

by the preceding discussion the generalized complex structure [Juj, Je] on 
CP"- is non-trivial. 

Next consider the S ^ action on C^^^ defined by 

A(Zo,Zi,Z2,Z3, • • • ,Zi, • • • ,Zn) = (Azq, A^Zi , A^Z2, A'^Za, • • • , A^^Zi, • • • , A^^^Zrt). 

It is easily seen that this action preserves the standard Kahler structure and 
the deformation e; furthermore it commutes with the standard action 
on C"^+^ and so descends to an action on CP"^ which preserves the quotient 

generalized Kahler structure {Jw,Je)- It is equivariantly formal since the 
action of any compact Lie group on CP"^ is. Moreover, it is easy to check 
that this action has n + 1 isolated fixed points: 

[(1,0,--- ,0)],[(0,1,--- ,0)],--- J(0,0,--- ,1)]. 

Observe at the tangent space of each fixed point x the generalized Kahler 
structure Je^^ is induced by a complex structure. It then follows from The- 
orem |5i9] that 

Hi (CP^) =0, if i / 0. 

Je 

Thus the generalized Hodge number h^''' = if q 7^ 0. In addition, we 
have 

hT'° = dimH? (CP^] (By TheoremlEU) 
= dimH^+PlCP"") (By Example lli) 

{1 if n + p is even; 
if n + p is odd. 

Example 6.4. CP^ blown up at one point for n > 3 
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In this example we construct a non-trivial generalized Kahler structure 
on the blow up of CP"^ at one point and compute its generalized Hodge 
number. 

Let a two dimensional torus T with Lie algebra t act on C^+^ by 
with moment map 

f(zi,--- , Zn, Zn+1 , Zn+2) = (|zi|^+--- + |Zn|^+|Zn+l|^,|zi|^H h|Zn|^-|Zn+2l^) • 

Then there exists some f, G t* so that = f^V£,)/T^ is equivariantly 
symplectomorphic to CP"^ blown up at a fixed point. 
Define 

9 9 

e = (ZiZ2Zn+2)^ — A h (ziZ2Zn+2)ciZn A dz^+i ■ 

dZn OZn+^ 

It is clear from construction that e is T invariant. As explained in IILT05L 
e deforms the standard Kahler structure [JaJt-Ji) to a T invariant gener- 
alized Kahler structure [Jw^Je)} moreover, (JcuiJe) descends to a non- 
trivial generalized Kahler structure [Jw, Je) on the reduced space Mf^, i.e., 
CP"^ blown up at a fixed point. 
Define S ^ action on C"^+^ by 

a(zi , • • • , Zn, Zn+1 , Zn+2) = (a^' zi , • • • , a^'^Zn, a^"+' z^+i , a^"+2zn+2), 

where Ai , • • • , An, A^+i , An+2 are rational numbers so that 

a) Ai , • • • , An are distinct from each other; 

b) Ai + A2 + An+2 = An + An+i; 

C) Ai / An+1 - An+2, T- = 1 , 2, • • • , U. 

This action preserves the standard Kahler structure [J^, J\] on C"+^ 
and the deformation e; furthermore it commutes with the T action and 
therefore descends to a S ^ action on CP"^. It is easy to check that the induced 
S ^ action on CP"^ is Hamiltonian and so is equivariantly formal. Moreover, 
by construction the induced action on CP"^ has only finitely many fixed 
points such that the restriction of the generalized complex structure J7e to 
the tangent space of each fixed point is a complex structure. 

It then follows from Theorem 15.91 that 

Hi (M) =0, if i/0. 

Thus the generalized Hodge number h^-'' = if q / 0. In addition, we 
have 

hT''° = dimH| (M) (By TheoremEU) 
= dimH^+P(M) (By Example 
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